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A mathematical model of non-Newtonian blood ﬂow through a tapered stenotic artery is considered. The non-Newto-
nian model chosen is characterized by the generalized power-law model incorporating the eﬀect of tapering due to the pul-
satile nature of blood ﬂow. The ﬂow is assumed to be unsteady, laminar, two-dimensional and axisymmetric. The
governing equations of motion in terms of the viscous shear stress in the cylindrical coordinate system are solved numer-
ically using a ﬁnite diﬀerence scheme. Numerical results obtained for the positive taper angle show that the blood ﬂow
characteristics such as the axial velocity proﬁles, ﬂow rate and wall shear stress have lower values, while the resistive imped-
ances have higher values than the Newtonian model.
 2007 Published by Elsevier Inc.
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The study of blood ﬂow through a stenosed artery is very important because of the fact that the cause and
development of many cardiovascular diseases are related to the nature of blood movement and the mechanical
behaviour of the blood vessel walls. A stenosis is deﬁned as a partial occlusion of the blood vessels due to the
accumulation of cholesterols and fats and the abnormal growth of tissue. The stenosis is one of the most fre-
quent anomaly in blood circulation. Once the constriction is formed, the blood ﬂow is signiﬁcantly altered and
ﬂuid dynamical factors play important roles as the stenosis continues to enlarge leading to the development of
cardiovascular diseases such as heart attack and stroke (Moayeri and Zendehboodi [1]).
A number of theoretical studies related to blood ﬂow through stenosed arteries have been carried out
recently and most of the studies focused on the presence of mild or single stenosis as discussed by Chakravarty
[2], Chakravarty et al. ([3–5]), Chakravarty and Mandal [6], Taylor et al. [7], Lee and Xu [8] and Mandal [9]. In
order to update resemblance to the in vivo situation, some studies considered an overlapping stenosis in the0096-3003/$ - see front matter  2007 Published by Elsevier Inc.
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670 Z. Ismail et al. / Applied Mathematics and Computation 195 (2008) 669–680blood vessel segment subject to pulsatile pressure gradient. Chakravarty and Mandal [10] noted that the prob-
lem becomes more acute in the presence of an overlapping stenosis in the artery instead of a mild one. The
eﬀect of vessel tapering is another important factor that was considered. Chakravarty and Mandal [11] formu-
lated the problem on tapered blood vessel segment having an overlapping stenosis. Jeﬀords and Knisley [12]
and Bloch [13] pointed out that most of the blood vessels could be considered as long and narrow, slowly
tapering cones.
In the case of blood ﬂowing through a larger artery, the blood behaviour is acceptable to be assumed as
Newtonian. However, it is not valid when the blood vessel is smaller (radius less than 1 mm). From a bioﬂuid
mechanics point of view, blood would not be expected to obey the very simple, one parameter, and linearised
law of viscosity as developed by Newton. Blood exhibits non-Newtonian characteristics that can only be mod-
elled by higher order constitutive equations, such as the power-law paradigm (Enderle et al. [14]). Ishikawa
et al. [16] found that the non-Newtonian pulsatile ﬂow through a stenosed tube is diﬀerent from Newtonian
ﬂow. The non-Newtonian property strengthens the peaks of wall shear stress and wall pressure, weakens the
strength of the vortex and reduces the vortex size and separated region. They concluded that non-Newtonian
ﬂow is more stable than Newtonian ﬂow. Mandal [9] pointed out that in some disease conditions, for example
patients with severe myocardial infarction, cerebrovascular diseases and hypertension, blood exhibits non-
Newtonian properties.
Gijsen et al. [15] studied a comparison between the non-Newtonian ﬂuid model and a Newtonian ﬂuid at
diﬀerent Reynolds numbers. Comparison reveals that the character of ﬂow of the non-Newtonian ﬂuid is sim-
ulated quite well by using the appropriate Reynolds number. Tu and Deville [17] noticed that for non-New-
tonian ﬂow through 75% stenosis, the inﬂuence of the geometrical disturbance aﬀects the ﬂow over a longer
axial range. Manica and Bortoli [18] presented the simulation of incompressible non-Newtonian ﬂow through
channels with sudden expansion using the power-law model. The power-law model is applied to predict
pseudoplastic (shear thinning) and dilatant (shear thickening) behaviour in such expansions. They pointed
out that a better understanding of non-Newtonian ﬂow through sudden expansions should lead to both the
design and development of hydrodynamically more eﬃcient process and to an improved quality control of
the ﬁnal products.
In this paper, we consider the problem of blood ﬂow through an overlapping tapered stenosed artery
instead of the mild one as considered by Mandal [9]. The blood ﬂow is characterized by the generalized
power-law model. A ﬁnite diﬀerence scheme is employed to solve the governing equations numerically. A com-
parison of the velocity proﬁles and the wall shear stress distributions, together with the ﬂow rate and the resis-
tance to ﬂow distributions are presented for both the Newtonian and non-Newtonian cases.2. Governing equations
The stenotic blood ﬂow in an arterial segment is considered to be laminar, unsteady, two-dimensional, axi-
symmetric and fully developed where the ﬂowing blood is treated to be an incompressible ﬂuid. Under these
assumptions, the governing equations may be written in the cylindrical coordinates system ðr; z; hÞ as
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; ð2:3Þwhere the relationship between the shear stress and the shear rate in case of two-dimensional motions are (see
Bird et al. [19]):
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>: ð2:6ÞHere vzðr; z; tÞ and vrðr; z; tÞ represent the axial and the radial velocity components, respectively, r is the stress
tensor, p is the pressure, and q is the density of blood. The pressure gradient op=oz appearing in Eq. (2.1), is
given by (see Burton [20]) op
oz
¼ A þ A1 cosxt; t > 0; ð2:7Þwhere A is the constant amplitude of the pressure gradient, A1 is the amplitude of the pulsatile component
giving rise to systolic and diastolic pressure and x ¼ 2pfp, where fp is being the pulse frequency.
3. Boundary conditions
There is no radial ﬂow along the axis of the artery and the axial velocity gradient of the streaming blood is
assumed to be zero, which means there is no shear rate of ﬂuid along the axis. These may be expressed math-
ematically asvr r; z; tð Þ ¼ 0; ovzðr; z; tÞor ¼ 0; rrz ¼ 0 on r ¼ 0: ð3:1ÞThe velocity boundary conditions on the arterial wall are taken asvrðr; z; tÞ ¼ oRot ; vzðr; z; tÞ ¼ 0 on r ¼ Rðz; tÞ: ð3:2ÞFurther, it is assumed that no ﬂow takes places when the system is at rest, which meansvrðr; z; tÞ ¼ 0 ¼ vzðr; z; tÞ at t ¼ 0: ð3:3Þ4. Geometry of stenosed artery
The schematic diagram for the overlapping stenosis under consideration is shown in Fig. 1.
Following Chakravarty and Mandal [11], the geometry of the elastic (moving wall) arterial wall of the time-
variant overlapping stenosis for diﬀerent taper angles (see Fig. 2) is written mathematically asRðz; tÞ¼ ðmzþaÞ
sm cos/
l0
:ðzdÞ 11 94
3l0
ðzdÞþ 32
l20
ðzdÞ2 32
3l3
0
ðzdÞ3
n oh i
a1ðtÞ; d 6 z6 dþ 3l02 ;
ðmzþaÞa1ðtÞ; otherwise;
(
ð4:1Þ
where Rðz; tÞ denotes the radius of the tapered arterial segment in the constricted region, a, the constant radius
of the normal artery in the non-stenotic region, /, the angle of tapering, 3l0=2, the length of overlapping ste-
nosis, d, the location of the stenosis, sm cos/ is taken to be the critical height of the overlapping stenosis and
m ¼ ðtan/Þ represents the slope of the tapered vessel. The arterial segment is taken to be of ﬁnite length, L.
d   3l0/2
L
a
τm
Fig. 1. Schematic diagram of an overlapping stenosed artery.
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Fig. 2. Schematic diagram of a tapered overlapping stenosed artery.
672 Z. Ismail et al. / Applied Mathematics and Computation 195 (2008) 669–680The time-variant parameter a1(t) is taken to bea1ðtÞ ¼ 1 bðcosxt  1Þebxt; ð4:2Þ
where b is a constant. Here, the lumen radius, R is suﬃciently smaller than the wavelength, k of the pressure
wave i.e. R=k 1, Eq. (2.3) simply reduces to op=or ¼ 0 and thus Eq. (2.3) can be omitted (see Pedley [21]). It
is reasonable and convenient to assume that the pressure is independent of the radial coordinate.
5. Transformation of the governing equations
5.1. Radial coordinate transformation
Using a radial coordinate transformationx ¼ r
Rðz; tÞ ;which has the eﬀect of immobilizing the vessel wall in the transformed coordinate x, the continuity equation
and the equation of motion, (2.1) and (2.2), the relationship between the shear stress and shear rate, (2.4) and
(2.5) and the initial and the boundary conditions ((3.1)–(3.3)) become:
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where n is the ﬂuid behaviour index parameter.
Boundary conditionsvrðx; z; tÞ ¼ 0; ovzðx; z; tÞox ¼ 0; rrz ¼ 0 on r ¼ 0; ð5:5Þ
vrðx; z; tÞ ¼ oRot ; vzðx; z; tÞ ¼ 0 on x ¼ Rðz; tÞ ð5:6Þandvrðx; z; tÞ ¼ 0 ¼ vzðx; z; tÞ at t ¼ 0: ð5:7Þ5.2. The radial momentum
In order to obtain the radial velocity component, vrðx; z; tÞ, we multiply Eq. (5.1) by xR, then integrate the
equation with respect to x from the limits 0! x, to obtainvr ¼ x oRoz vz 
R
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The ﬁnite diﬀerence scheme for solving Eq. (5.1) is based on the central diﬀerence approximations for all the
ﬁrst spatial derivatives in the following manner:ovz
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The axial velocity component will be solved using the Eqs. (6.6) and (6.7), together with the boundary condi-
tions Eqs. ((6.8)–(6.10)). The radial velocity component from Eq. (5.12) can be rewritten in discretized form asðvrÞkþ1i;j ¼ xj
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component. With the above results, we obtain the volumetric ﬂow rate (Q), the resistance to ﬂow (X), the wall
shear stress (sw) from the following relations:Qki ¼ 2pðRki Þ2
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: ð6:14Þ7. Numerical results and discussion
There are diﬀerent methods of solution in solving the problem of blood ﬂow in stenosed artery, either ana-
lytically or numerically. Gerrard and Taylor [22] used the ﬁnite diﬀerence method to solve the problem of
blood ﬂow in an artery. The ﬁnite diﬀerence method based on the central diﬀerence approximation has been
employed by Chakravarty and Mandal ([23,6]) and Mandal [9]. Misra and Pal [24] observed the blood motion
using Crank Nicolson implicit ﬁnite diﬀerence method, while Chakravarty and Mandal ([10,11]), Chakravarty
et al. ([3–5]) and Chakravarty and Sannigrahi [25] used Runge–Kutta.
For the purpose of validation, the axial velocity proﬁle for Newtonian model with / ¼ 0 is compared with
Chakravarty and Mandal [11]. As shown in Fig. 3, the results are found to be in good agreement. Numerical
computations have been carried out using the following parameter values: a ¼ 0:05 cm, q ¼ 1:06 g=cm3,
L ¼ 5 cm, l0 ¼ 1 cm, d ¼ 2 cm, sm ¼ 0:2a, A0 ¼ 50 g cm2 s2, A1 ¼ 0:2A0, fp ¼ 1:2 Hz, l ¼ 0:035P , b ¼ 0:1,
m ¼ 0:1735P , n ¼ 0:639, Dx ¼ 0:025, and Dz ¼ 0:1. For the numerical results and discussion, Figs. 4–7 and
Figs. 9–11 have been measured at the location of the ﬁrst critical height of stenosis (at z ¼ 2:3 cm with
sm ¼ 0:01 cmÞ. The blood is assumed to be in the early stage of diastole phase for a single cardiac cycle when
the time reaches 0:45 s where the ﬂow is at minimum. The results in Figs. 4, 5 and 8 are measured at this phase
of ﬂow. Figs. 6–8 give the results for converging tapered artery ð/ ¼ 0:1Þ and for the Newtonian viscosity
model, we consider the diverging tapered artery ð/ ¼ 0:1Þ.
Fig. 4 shows the axial velocity proﬁles in the stenotic region of the tapered artery. Four diﬀerent curves
shown in Fig. 4, have been measured with the eﬀects of vessel tapering for non-Newtonian model of the ﬂow
on the axial velocity proﬁles quantitatively. Under stenotic conditions, the velocities through the converging
tapered artery are less than those in the non-tapered artery and the diverging tapered artery. Hence, we can
conclude that the axial velocity is reduced to some extent with vessel tapering. As shown in Fig. 4, another
point of comparison is the diﬀerent blood viscosity models. In the presence of the diverging artery under ste-
notic conditions, the axial velocity is higher in the Newtonian model than in the non-Newtonian model.
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ﬁles. The results for radial velocity give four diﬀerent negative values with the eﬀect of tapering artery and
blood viscosity. The magnitudes of the radial velocities are smaller than the axial velocities.
Fig. 6 shows the result for the axial velocity proﬁles for diﬀerent times spread over a single cardiac period.
All the proﬁles visualized in the present ﬁgure are directly responsible for the pulsatile pressure gradient pro-
duced by the heart. A full single cardiac cycle is about 0.85 s. thus, at t ¼ 0:45 s, the blood volume is minimum
and the axial velocity proﬁles are the lowest.
Fig. 7 illustrates the unsteady ﬂow over a single cardiac cycle. It shows that the radial velocity proﬁles
have positive values during the systolic phase while during the diastolic phase, the proﬁles give negative
values.
In order to analyze the ﬂow-ﬁeld intensively along the arterial segment, Fig. 8 shows the result of the axial
velocity proﬁles at seven distinct locations at t ¼ 0:45 s for converging tapered artery ð/ ¼ 0:1Þ. The axial
velocity proﬁle is parabolic at the upstream ðz ¼ 1:5 cmÞ because it is a non-stenotic region while a ﬂattening
trend is followed at z ¼ 2:1 cm where the blood ﬂow starts at a steeper stenosis region. Subsequently, at the
speciﬁc location ðz ¼ 2:3 cmÞ of the ﬁrst critical height of the stenosis, the velocity value is much lower. At
the centre of the overlapping location ðz ¼ 2:8 cmÞ, the velocity value is increased but it is decreased when
the blood ﬂow along the second critical height ðz ¼ 3:2 cmÞ. The axial velocity value increases gradually for
z ¼ 3:4 cm and ﬁnally at the downstream of stenosis ðz ¼ 4:6 cmÞ, the value is increased and gets back into
the parabolic shape. This result is agreed qualitatively well with Chakravarty and Mandal [11] which they trea-
ted the blood ﬂow as a Newtonian ﬂuid.
Figs. 9–11 are plotted for the ﬂow rate, the resistance to ﬂow and the wall shear stress, respectively, with
time nearly four cardiac cycles. Fig. 9 shows the proﬁles for ﬂow rate in stenosed artery with three diﬀerent
taper angles. The volume rate for diverging tapering gives higher value than both the converging tapering
and non-tapered artery. The ﬁgure also shows that for Newtonian model, the ﬂow rate has the highest value.
The resistance to ﬂow gives the reverse trend of the volume rate. The values of resistance are higher for
converging tapering artery rather than both the converging artery and non-tapered artery and lower for
the Newtonian viscosity model as shown in Fig. 10. From Figs. 9 and 10, we can conclude that more blood
can ﬂow freely through diverging vessel, which has less eﬀect of resistance.
Fig. 11 illustrates the wall shear stress proﬁles for diﬀerent taper angles and the diﬀerent blood viscosity
models. The values are negative by direction. From the ﬁrst three curves, we can observe that diverging
tapering gives higher values compared to both the converging tapering and non-tapered artery. Fig. 11
also shows the wall shear stress values are higher in the Newtonian model than in the non-Newtonian
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Fig. 9. Variation of the ﬂow rate at z ¼ 2:3 cm.
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Fig. 10. Variation of the resistance to ﬂow at z ¼ 2:3 cm.
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Fig. 11. Variation of the wall shear stress at z ¼ 2:3 cm.
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This paper presented numerical results for an unsteady blood ﬂow in a tapered artery with overlapping ste-
nosis, using the power-law model of blood viscosity. The eﬀect of vessel tapering is an important factor con-
sidered in this paper. The results considered three diﬀerent taper angles of artery which are the converging
tapering ð/ < 0Þ, non-tapered ð/ ¼ 0Þ and the diverging tapering ð/ > 0Þ in the presence of stenosis.
The diﬀerences between both models show that the non-Newtonian behaviour is an important factor and
should not be neglected in small blood vessels (smaller than 1 mm).
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